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1. Velocity and Acceleration 7. Work and energy
Velocit v =dx/dt Angular velocit w=doa/dt
y / & y / Kinetic energy  Ej = ~mv? Kinetic energy  Ej, = ~lw?
2 2 2 2
Acceleration a =2 =2%% Angular acceleration «a = do 28
dac  dt? dt  dt? Power P =FV Power P =10
Tangential velocity Ve =TW Kinetic energy for rotating object
Tangential acceleration a; =ra 1 )
. . 2 2 E, =-mvi, + zlqw
Centripetal acceleration a, = v*/r = w*r 2 2

2. Constant acceleration

vV =vy+at w=wy+at

1 2 1 2
x=x0+vt+§at 9=90+a)t+zat

v? = vé 4+ 2a(x — x4) w? = wi +2a(8 — 6,

3. Moment of Inertia

Systems of particles I = Y m;r?
I=[r%dm

Parallel-axis theorem [ = I, + Md?

Continuous object

Work-energy theorem for rigid body:

t 0
Foxt - dr + f Text—cm de
0

6o
F,.,: onits center of mass J L Teoxe ON its center of mass

AE, = E¢(t) — E(0) = f

8. Angular Momentum

4. Torque

T=Fr=Frsing = Fl

Momentum Angular Momentum

L=7Fxp (kg - m?%/s)

p=mv

5. Newton’s Second law

Particle

Zﬁ=ma

Plane-parallel motion
Foxt—x = Macm—x
Fext—y = Macm—y

Text—cm = lem@

6. Non-slip Condition

Rolling without slipping
Vem =TW
Aen =T

Point P with position 7 on the rigid body
Up = Ve + @ XT

If the velocity of the contact point A is zero

Vem = WT

Theorem of angular momentum:
dL Net torque act on the object equals to the
T. = — <
net dt <

change rate of angular momentum of the

Integral representation: object about the same point.

t
AL =f ‘Enetdt
0

The change of angular momentum of the
Angular impulse: & &1 !

object equals to the angular impulse exert

t
J= J Thetdt = dL = dJ on the object about the same point.
0

Conservation of Angular Momentum

dL -
-0 > Lgys = constant

Thet = 7
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1. Velocity and Acceleration

7. Work and energy

Velocity v =dx/dt Angular velocity W=
. d daz .
Acceleration a = d—: = d—t)zc Angular acceleration «a =

Tangential velocity Ve =

Tangential acceleration a; =
Centripetal acceleration a, = =

2

Kinetic energy E, = %mv Kinetic energy Ej =

Power P=FV Power P =
Kinetic energy for rotating object

Ek=

2. Constant acceleration

vV =vy+at w=
1 2

x=x0+vt+§at 0=

v? = vé 4+ 2a(x — x4) w? =

3. Moment of Inertia

Work-energy theorem for rigid body:

AEy = Ex(t) — Ex(0) = +

F,.,: onits center of mass J L Teoxe ON its center of mass

Systems of particles [ =
Continuous object I =
Parallel-axis theorem [ =

8. Angular Momentum

5. Torque

T=Fr=Frsing = Fl

Momentum Angular Momentum

ﬁ=m13 L=

5. Newton’s Second law

Particle Plane-parallel motion
Z F=mad Fext—x =
F ext-y =
Text—cm =

6. Non-slip Condition

Rolling without slipping
Vem =
Aem
Point P with position 7 on the rigid body
Up = Ve + @ XT

If the velocity of the contact point A is zero

vC m

Theorem of angular momentum:
Net torque act on the object equals to the

Tnet = < change rate of angular momentum of the

Integral representation: object about the same point.

AL =

The change of angular momentum of the
Angular i Ise:
ngwarimpise object equals to the angular impulse exert

t
J= f Thetdt = = on the object about the same point.
0

Conservation of Angular Momentum

) dL -
Tnetzﬁzo = Lsys=
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(b) the angular acceleration of the cylinder.
E=pAE AN

o PEITEL: WEEZREMOEMRIIER
o FEAIRE: MEERRSHIEAEL

Exercise 1:

The string wrapped around the cylinder of mass m in
the right Figure is held by a hand that is accelerated
upward so that the center of mass of the cylinder does
not move. Find (a) the tension in the string.

(c) the acceleration of the hand.
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Exercise 2: A uniform cylinder of mass M and radius R
has a string wrapped around it. The string is held
fixed, and the cylinder falls vertically as shown in the

right figure.
(a) Find the acceleration of the cylinder

(b) Find the tension in the string.
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Exercise 3: A uniform sphere rolls without slipping down an incline. What must be THEHEEMEIE 5. Asolid disk of mass M, radius R and F
the angle of the incline if the linear acceleration of the center of mass of the sphere rotational inertia | is free to rotate about a fixed
is 0.2g? frictionless axis that is perpendicular to the disk

through its center, as shown in the figure. A force of  Axis of

constant direction and constant magnitude F is exerted Potion

on the disk. If the disk accelerates from rest at time t=0, through what angle does the
disk rotate from t=0 to t=T"?
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7 A long, uniform rod of mass M and length | c. The translational acceleration of the center of mass of the rod.

is supported at the left end by a horizontal axis

into the page and perpendicular to the rod, as Hoctonn

shown in the figure. The right end is connected W S—

to the ceiling by a thin vertical thread so that J .

the rod is horizontal. The moment of inertia of the rod about the axis at the end of

the rod is M1?/3. Express the answers to all parts of this question in terms of M, |, and

g.

a. Determine the magnitude and the direction of the force exerted on the rod by the
axis.

6 /16

d. The force exerted on the end of the rod by the axis.

The thread is then burned by a match. For the time immediately after the thread The rod rotates about the axis and swings down from the horizontal position.
breaks, determine each of the following. e. Determine the angular velocity of the rod as a function of 6, the arbitrary angle
b. The angular acceleration of the rod about the axis. through which the rod as swung.
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Picture the Problem Choose the
coordinate system shown in the diagram.
By applying Newton’s 2" law of motion,
we can obtain a system of two equations in
the unknowns 7 and a. In () we can use
the torque equation from (a) and our value
for T to finde. In (¢) we use the condition
that the acceleration of a point on the rim
of the cylinder is the same as the
acceleration of the hand, together with the
angular acceleration of the cylinder, to find
the acceleration of the hand.

(a) Apply Newton’s 2" law to the

cylinder about an axis through its
center of mass:

Solve for 7 to obtain:

(h) Rewrite equation (1) in terms of
o

Solve for a:

Substitute for 7 and /; to obtain:

(¢) Relate the acceleration ¢ of the
hand to the angular acceleration of
the cylinder:

Substitute for « to obtain:

Z 5 Exercise 1

T
Mg
I
X
a
Zr“:TR:[UE (1)
and
> F,=Mg-T=0 @)
TR=1,&
TR
oa=—
](l
gMR‘ R
a=Roa

Picture the Problem The diagram shows
the forces acting on the cylinder. By
applying Newton’s 2™ law of motion, we
can obtain a system of two equations in the
unknowns 7, a, and « that we can solve
simultancously.

(a) Apply Newton’s 2™ law to the
cylinder:

Substitute for « and I, in equation
(1) to obtain:

Solve for 7~

Substitute for 7' in equation (2) and
solve for a to obtain:

() Substitute for @ in equation (3)
to obtain:

Z £ Exercise 2

I'=1Ma
a=|3g
T=4M(3g)=

W~

7 /.16

(D

(2)
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5. t=FR=1Ia =a=FR/I

Picture the Problem From Newton’s 2™ law, the acceleration of the center of mass
equals the net force divided by the mass. The forces acting on the sphere are its weight

- - _ 1 .9  1FR,.
mg downward, the normal force F) that balances the normal component of the weight, 0 ==-aT* = ET T
and the force of friction f acting up the incline. As the sphere accelerates down the
incline, the angular velocity of rotation must increase to maintain the nonslip condition.
We can apply Newton’s 2" law for rotation about a horizontal axis through the center of
mass of the sphere to find a, which is related to the acceleration by the nonslip condition.

P ) 2 v e nonsip 7. a Fyg=Mg/2 b. a=3g/2l C. Gum = 3g/4 d. Fy,=Mg/4
The only torque about the center of mass is due to f because both mg and F) act through
the center of mass. Choose the positive direction to be down the incline. o w= 3gsin@
y : - \/ 1

Apply Z F = mii to the sphere: mgsing — f = ma,, (h
Apply Z r =1, to the sphere: fr=1,a
Use the nonslip condition to : Ay
eliminate « and solve for f: fr="1em T

and

1
f="a,
2

Substitute this result for fin

. I
) . _tem o _
equation (1) to obtain: mg sin @ L2 o = Md g,

From Table 9-1 we have, for a solid ] = %m’,z
cm
sphere:
i 3 ati g o iR : 2 _
Substitute in equation (1) and simplify mgsin@—2a,, =ma,,

to obtain:

Solve for and evaluate @:
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67 *e A uniform rod of length L, and mass M equal to
0.75 kg is attached to a hinge of negligible mass at one end and
is free to rotate in the vertical plane (Figure 10-55). The rod is re-
leased from rest in the position shown. A particle of mass
m = 0.50kg is suspended from a thin string of length L, from
the hinge. The particle sticks to the rod on contact. What should
the ratio L,/L, be so that 6__ = 60° after the collision? =sswm

X

Om \ FIGURE 10-55
Problem 67
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(APC HW9-2) A round object of mass m, moment of inertia bmr2 and radius r
rolls without slipping along a horizontal surface that then bends upward and
backward into an arc of half a circle. The radius of the arc is R.

(a) Derive an expression for the minimum speed of the object’s center of mass
that will allow it to just pass the top of the arc without losing contact with the

(b) If the object is any of the following one, write the moment of inertia of it

respectively.

track in terms of m, b, r, R and related constants.
Hollow cylinder, Solid cylinder, Hollow sphere, Solid sphere.

(c) Determine the initial speed v, needed for the above objects to pass the top

(O —
of the arc without losing contact with the track from fastest to slowest.

The object rolls without slip = conservation of mechanical energy.
Let v, be the initial speed and vy be the final speed passing the top of the arc.
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67 MEZER

Use conservation of energy to relate
the initial and final potential energy
of the rod to its rotational kinetic
energy just before it collides with the
particle:

Substitute for K¢, Ur, and Ui to
obtain:

Solving for @ yields:

Letting @ represent the angular
speed of the rod-and-particle system
Just after impact, use conservation of
angular momentum to relate the
angular momenta before and after
the collision:

Solve for @”to obtain:

Use conservation of energy to relate
the rotational kinetic energy of the
rod-plus-particle just after their
collision to their potential energy
when they have swung through an
angle Ghax:

K.-K, +U,-U =0
or, because K; =0,
K. +U,-U, =0

o [
Ll
AL=L,~L =0

or

(ML +mL2 )0 - ML ) =0

3

Y%
'F,—j a)
T ML +mlL;

K, ~K +U U =0

Because K= 0:

—%la)'z+Mg(%Ll)(1—cosﬁ )+ mgL,(1-cos@, )=0 (1)

max

Express the moment of inertia of the [ =L ML} +mlL;
system with respect to the pivot:
Substitute for Gy, / and @’ in 3£(L MLf )2

equation (1): L,

M Me(LL)+ mel,
ML+ ml g(5L)+mel,

Simplify to obtain: 3 m . m ., m s
pHLy L =2—DL,+3—1’L +6—1L}
Dividing both sides of the equation by Z; yields:

S EH ARG

6a’ B’ +3af’ +2af-1=0

Let = m/M and = L/L, to obtain:

Substitute for «z and simplify to 8B +63° +48-3=0

obtain the cubic equation in £

Use the solver function of your
calculator to find the only real value

of f:

£=1039




Rotation fig#¢ 43 RIADIEIE

12 / 16

(APC HW9-2) A round object of mass m, moment of inertia bmr2 and radius r
rolls without slipping along a horizontal surface that then bends upward and
backward into an arc of half a circle. The radius of the arc is R.

(a) Derive an expression for the minimum speed of the object’s center of mass
that will allow it to just pass the top of the arc without losing contact with the
track in terms of m, b, r, R and related constants.

O —

The object rolls without slip — conservation of mechanical energy.

Let v, be the initial speed and vy be the final speed passing the top of the arc.

r 1, 1 ., 1
PR +Elw0 =5 mvf +Elwf +mg(2R — 2r)
Vo = Wl
{vf=a)fr
= %mvg + %bmr2 (?)2 = %mv}? + %bmr2 (i—f)z +mg(2R — 2r)
1,1 , 1, 1
50 +Ebv0 =5V +Ebvf + g(2R —2r)

1 2 _1 2
5(1 + b)vs = 5(1 + b)vs + g(2R — 2r) (1)

At the top of the arc:
mg=mv}?/(R—r) = U}?=g(R—r) (2)
Plug (2) into (1)

%(1 + b)vi = %(1 +b)g(R—71)+2g(R—71)

4g(R—1) 4g(R —r1)
v§=g(R—r)+ﬁ = v0=\/g(R—r)+ﬁ

(b) If the object is any of the following one, write the moment of inertia of it
respectively.
Hollow cylinder, Solid cylinder, Hollow sphere, Solid sphere.

inertia Equation of Hollow Cylinder I=mr?

inertia Equation of Solid Cylinder =¥ mr?
inertia Equation of Hollow Sphere [=2%mr?
inertia Equation of Solid Sphere =2/smr?

(c) Determine the initial speed v, needed for the above objects to pass the top
of the arc without losing contact with the track from fastest to slowest.
4g(R—1)

1+b
The objects in order from fastest to slowest speed needed to make it through the

vi=gR-1)+

arc are correctly listed as:
solid sphere > solid cylinder > hollow sphere > hollow cylinder.

el 4T

v? = g(R—r)_Ur1HE @)

|

1 2 _1 2
5(1 + b)vy = E(l + b)vg + g(2R — 2r) (D
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EX62: The right figure shows a thin, uniform
bar whose length is L. and mass is Mand a
compact hard sphere whose mass is m. The
system is supported by a frictionless
horizontal surface. The sphere moves to the
right with velocity v, and strikes the bar ata

distance %L from the center of the bar. The

collision is elastic, and following the collision

(top view)

—

(Y

mo_>

the sphere is at rest. Find the value of the ratio m/M.
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EX62: The right figure shows a thin, uniform
bar whose length is L. and mass is Mand a
compact hard sphere whose mass is m. The
system is supported by a frictionless
horizontal surface. The sphere moves to the
right with velocity v, and strikes the bar ata

distance %L from the center of the bar. The

collision is elastic, and following the collision

(top view)

—

:
o]

the sphere is at rest. Find the value of the ratio m/M.

— |(®|Cm

WEREHETE mv=MV > V== €))
RENEANBTE mv(3L) = lmw = (S MID)w )

HUREERERTIE  Jmv? = SMV? 4+ [ne?

(3) = mv? = MV2 + (S ML)w?

_lp2 0 1,1 2y 2
=MV’ + 1AM (3)

4)

Plugin (1) and (4) = mv? = M(5v)? + (5 ML?)(

m 3
=> vi=—p24=
M 4

4
: —_
7

|3

3mv.
ML

)2
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63 ee Figure 10-53 shows a uniform rod
whose length is L and mass is M pivoted at the
top. The rod, which is initially at rest, is struck
by a particle whose mass is m at a point 1
x = 0.8L below the pivot. Assume that the
particle sticks to the rod. What must be the
speed v of the particle so that following the M
collision the maximum angle between the rod

and the vertical is 90°?
m. v

FIGURE 10-53
Problem 63
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63: WHIERAERE AW
BEHBFIE mu(08L) = [I +m(0.8L)2]w = (SML2 +0.64mL? o (1)

RBTE Slw?+mlw(08L)]% = Mg (5L) +mg(0.8L) )

0.8mv

N> w=7——""
) %ML+o.e4mL

(2) = GML)w? +0.64mw?l? = MgL + 0.8mgL
> [(3ML) + 0.64mL] w? = Mg + 0.8mg

2
2 _  Mg+0.8mg _< 0.8mv )

= W=7 =11
(EML)+0.64mL ML+0.64mL

0.64(mv)?

%ML + 0.64mL

Mg+ 0.8mg =

, (Mg +08mg) (% ML + 0.64mL)
B 0.64m?

v

j (Mg + 0.8mg) (%ML +0.64mL)
Ve 0.64m?



